We have measured temperature and magnetic field dependences of the thermal conductivity along the c-axis,  c , and that along the [110] direction,  110 , of CuB 2 O 4 single crystals in zero field and magnetic fields along the c-axis and along the [110] direction. It has been found that the thermal conductivity is nearly isotropic and very large in zero field and that the thermal conductivity due to phonons is dominant in CuB 2 O 4 . The temperature and field dependences of  c and  110 have markedly changed at phase boundaries in the magnetic phase diagram, which has been understood to be due to the change of the mean free path of phonons caused by the change of the phonon-spin scattering rate at the phase boundaries. It has been concluded that thermal conductivity measurements are very effective for detecting magnetic phase boundaries.
Introduction
In insulating quantum spin systems, the thermal conductivity is expressed as the sum of the thermal conductivity due to spins, namely, due to magnetic excitations,  spin , and the thermal conductivity due to phonons,  phonon , and is sensitive to the change of the spin state such as magnetic phase transitions. It is of course that  spin changes in accordance with the change of the spin state. Moreover,  phonon also changes in accordance with the change of the spin state owing to the resultant change of the phonon-spin scattering rate, 1/τ phonon-spin , where τ phonon-spin is the relaxation time of the scattering between phonons and magnetic excitations. Therefore, the thermal conductivity measurement is a good probe to investigate the change of the spin state. In fact, an increase in  phonon has been observed in the spin gap state of CuGeO 3 , 1,2) SrCu 2 (BO 3 ) 2 , 3-6) TlCuCl 3 , 7) and in the magnetization-plateau state of Cu 3 (CO 3 ) 2 (OH) 2 . 8) In several antiferromagnetic materials, moreover, an increase in the thermal conductivity has been observed just below the antiferromagnetic transition temperature. [9] [10] [11] The compound CuB 2 O 4 is a quantum spin system possessing two Cu sites, namely, Cu A and Cu B sites in the crystal structure, where Cu A 2+ ions with the spin quantum number S = 1/2 form a three-dimensional network of spins and Cu B 2+ ions with S = 1/2 form zigzag chains of spins along the c-axis, as shown in Fig. 1 squares, respectively, which are connected with each other through a BO 4 tetrahedron. The magnitude of the interaction between Cu A 2+ spins has been estimated from the inelastic neutron-scattering experiment as 45 K. 12) Neither the interaction between Cu B 2+ spins nor the interaction between Cu A 2+ and Cu B 2+ spins has yet been clarified, but they are inferred to be weak.
The magnetic properties in CuB 2 O 4 have been revealed by various studies. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] That is, CuB 2 O 4 undergoes a transition from a paramagnetic phase (P phase) to a commensurate weak ferromagnetic one (C phase) of Cu A 2+ spins ( Fig. 2(a) ) at the transition temperature T N = 21 K and a successive transition to an incommensurate helical one (IC phase) of Cu A 2+ and Cu B 2+ spins ( Fig. 2(b) ) at the transition temperature T * ~ 10 K with decreasing temperature.
It has been suggested that a magnetic soliton lattice is formed along the c-axis around T * . 16) In fact, the elastic neutron-scattering experiment has confirmed the existence of an IC phase 3 / 18 related to the magnetic soliton lattice in magnetic fields of 1.0 -1.5 T along the [110] direction in a narrow temperature-region below 4 K. 24) By the application of magnetic fields parallel to the ab-plane and the c-axis, various magnetic phases have been reported to appear.
The magnetic phase diagram is different between magnetic fields parallel to the ab-plane and the c-axis, while the anisotropy of the magnetic phase diagram within the ab-plane is very small. 19) The spin structure of CuB 2 O 4 in zero field has also been revealed by the elastic neutron-scattering experiments. 18, 20) In the C phase, as shown in Fig. 2 at T * to k = (0, 0, 0.15) at T = 1.8 K. 20) This is inferred to be due to the weak interaction between Cu A 2+ and Cu B 2+ spins.
Since the arrangement of spins is different between in the ab-plane and along the c-axis, in this paper, we have measured temperature and magnetic field dependences of the thermal conductivity along the c-axis,  c , and that along the Figure 3 shows the temperature dependences of  c and  110 in zero field. It is found that both  c and  110 are similar to each other and comparatively large among various compounds regarded as quantum spin systems. The both exhibit a peak at 40 K and are markedly enhanced just below T N . Since CuB 2 O 4 is a magnetic insulator where the thermal conductivity is given by the sum of  phonon and  spin , the enhancement just below T N is understood to be due to the enhancement of  spin and/or  phonon .  spin increases owing to the increase in the mean free path of magnetic excitations, l spin , on account of the increase in the magnetic correlation length in the long-range magnetically ordered state. On the other hand,  phonon increases owing to the increase in the mean free path of phonons, l phonon , on account of [36] [37] [38] [39] and SrCuO 2 . 37, 40, 41) The magnitude of  spin tends to increase with the increase in the interaction between spins. Taking into account the weaker interaction of 45 K between Cu A 2+ spins in CuB 2 O 4 12) than the superexchange interaction in Sr 14 Cu 24 O 41 , Sr 2 CuO 3 , and SrCuO 2 , it is rather hard for the enhancements of  c and  110 just below T N to be regarded as being due to the enhancements of  spin . In this compound, therefore, it is concluded that  phonon is dominant and that the enhancements of  c and  110 just below T N are due to the enhancement of  phonon .
Results and discussion

Thermal conductivity in zero field
The inset of Fig. 3 shows enlarged plots of  c and  110 at low temperatures to see the change around T * in detail. It is found that the temperature dependence of  110 exhibits a bend at T * , namely, a marked decrease just below T * , while that of  c does not. Since the magnetic specific heat, C spin , has been reported to increase at T * in CuB 2 O 4 , 13)  spin , which is given by the product of C spin , the velocity of magnetic excitations, v spin , and l spin , should increase just below T * , but actually  110 decreases just below T * . Therefore, the bend at T * is regarded as being due to the decrease in  phonon just below T * . Since  phonon is given by the product of the specific heat of phonons, C phonon , the velocity of phonons, v phonon , and l phonon , 5 / 18 the decrease in  phonon means the decrease in either of them just below T * . If C phonon decreased just below T * , the bend should be observed not only in  110 but also in  c . In general, the change of v phonon is too small to induce such a large change of  110 at T * , because the dispersion of phonons little changes without any structural phase transition. Accordingly, the decrease in  110 just below T * is regarded as being due to the decrease in l phonon , namely, Fig. 2(a) , on the other hand, there is frustration between the Cu A 2+ and Cu B 2+ spins, because Cu A 2+ spins are antiferromagnetic in the ab-plane. Accordingly, when Cu B 2+ spins get to be ordered below T * , the magnetic correlation length in the ab-plane is understood to become shorter than that along the c-axis owing to the frustration, leading to the decrease in only  110 just below T * . 14, 19, 27) neutron scattering, 24) nonlinear optical, 21) NMR, 25, 26) SR, 22) and magnetization 28) measurements. In the phase diagram in magnetic fields along the ab-plane, here, we call the IC phase at lower fields and at higher fields IC(I) and IC(II), respectively. In the IC(II) phase, the elastic neutron-scattering experiment has revealed that commensurate and small incommensurate modulations coexist. 24) In the IC(I) phase, spin-flop transitions have been observed in nonlinear optical 21) and magnitization 28) In Fig. 6(a) , the marked change of  110 at 1.6 T in magnetic fields along the [110] direction at 5.5 K is in good correspondence with the phase boundary between C and IC(II) phases detected by the neutron scattering 24) and NMR 25) measurements. The decrease in  110 below 1.6 T is reasonably understood to be due to the transition to the IC(II) phase. In the IC(II) phase, the magnitude of  110 gradually increases with increasing field so as to connect the IC(I)-H phase to the C phase, indicating that the magnetic correlation length in the IC(II) phase also increases gradually with increasing field. Since commensurate and small incommensurate modulations coexist in the IC(II) phase, 24) the ratio of the commensurate region to the incommensurate region may increase with increasing field.
Thermal conductivity in magnetic fields
As for the magnetic field dependence of  110 in magnetic fields along the c-axis at 5.5 K shown in Fig. 6(b) ,  110 is found to start to increase from ~3 T with increasing field, which may be related to the phase boundary due to the ferroelectric phase transition suggested by the ESR experiment. 23) It is noted that no change has been observed in the temperature dependences of  110 shown in Figs. 4(b) nor 4(d) at the phase boundary due to the 8 / 18 ferroelectric phase transition, while some change has been observed in the magnetic field dependence of  110 shown in Fig. 6(b) . This is understood as follows. That is, not only l phonon but also C phonon is temperature-dependent at low temperatures, while C phonon is usually independent of magnetic field so that only l phonon is magnetic field-dependent. In order to detect only the change of l phonon , therefore, measurements of the magnetic field dependence of  110 are more sensitive than those of the temperature dependence of  110 .
After all, it has been found that the points, where  110 changes markedly, are approximately on the phase boundaries obtained by various measurements. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] Therefore, it is concluded that thermal conductivity measurements are very effective for detecting magnetic phase boundaries in CuB 2 O 4 also.
Summary
We have measured the temperature and magnetic field dependences of  c and  110 of CuB 2 O 4 single crystals. It has been found that both  c and  110 are similar to each other and comparatively large and that the both exhibit a peak at 40 K and are markedly enhanced just below T N in zero field. It has been concluded that  phonon is dominant in CuB 2 O 4 and that the enhancements of  c and  110 just below T N are due to the increase in l phonon caused by the formation of the commensurate weak ferromagnetic phase of Cu A 2+ spins. Moreover, it has been found that only  110 exhibits a marked decrease just below T * , which has been regarded as being due to the decrease in l phonon owing to the decrease in the magnetic correlation length along the [110] direction caused by the frustration between Cu A 2+ and Cu B 2+ spins in the ab-plane of the IC phase. In magnetic fields along the [110] direction and along the c-axis, a marked enhancement of  110 just below T N has been observed as well as in zero field. The anomaly of κ 110 observed at T * in zero field has been observed in magnetic fields also. It has been found that T * decreases with increasing field. The magnetic field dependences of  110 at low temperatures in magnetic fields along the [110] direction and along the c-axis have revealed that they are anisotropic depending on the field direction and that  110 changes markedly at several magnetic fields. The points, where  110 changes markedly, have been found to be in correspondence with the phase boundaries obtained by various measurements. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] Accordingly, it has been concluded that thermal conductivity 14, 19, 27) neutron scattering, 24) nonlinear optical, 21) NMR, 25, 26) SR, 22) and magnetization 28) 
